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Abstract 
Sanchis, L.A., Maximum number of edges in connected graphs with a given domination 
number, Discrete Mathematics 87 (1991) 65-72. 
A dominating set for a graph G = (V, E) is a subset of vertices V’ c V such that for all 
u E V - V’, there exists some u E V’ for which {u, u} E E. The domination number of G is the 
size of its smallest dominating set(s). In this paper we give an upper bound on the number of 
edges a connected graph with a given number of vertices and a given domination number can 
have. We also characterize the extremal graphs attaining this upper bound. 
We denote by G = (V, E) an undirected graph with vertex set V = V(G) and 
edge set E = E(G). A dominating set for a graph G = (V, E) is a subset of 
vertices V’ E V such that for all v E V - V’, there exists some ZJ E V’ for which 
{v, u} E E. The domination number of G is the size of its smallest dominating 
set(s) and is denoted by y(G). 
In [7] Vizing gives an upper bound on the number of edges a graph with a given 
number of vertices and a given domination number can have. However, when the 
domination number is greater than 2, the graphs attaining this upper bound have 
isolated vertices. In this paper we give an upper bound on the number of edges of 
connected graphs having a given number of vertices and domination number. We 
also characterize the connected extremal graphs attaining this upper bound. We 
obtain our results by looking at lower bounds on the number of edges of graphs 
which are complements of graphs having a given domination number. Our main 
lemma, which gives these lower bounds, is actually a generalization of a result in 
[6], a paper which deals with a completely different subject (P2 and Pi 
connectivity). 
*This work was done while the author was an AT&T Bell Labs Scholar of the University of 
Rochester; Computer Science Department. 
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A k-clique is a complete graph on k vertices. An independent set is a set of 
vertices such that no pair of the vertices in the set are adjacent. A covering of a 
graph is a set of edges of the graph such that each vertex is incident on at least 
one of the edges in the set. A minimum covering of a graph is a covering of 
minimum cardinality. 
Theorem 1 (Vizing). Zf G is a graph with n vertices and domination number d, 
where 2 s d s n, then the number of edges of G is at most [(n - d)(n - d + 2)/2J. 
Equality occurs if and only if G is the disjoint union of d - 2 isolated vertices and a 
graph obtained by removing from an (n - d + 2)-clique the edges belonging to a 
minimum covering. 
A proof of this proposition may be found in [2, (chapter 14)]. (Note however 
that the description of the extremal graphs in the statement of the theorem in [2] 
is incorrect for y(G) L 3, although the graphs are described correctly in the 
proof.) 
It can be seen from the above theorem that if y(G) 23 and G has the 
maximum possible number of edges, then G must have isolated vertices and is 
therefore not connected. We would like to determine an upper bound on the 
number of edges of a graph with no isolated vertices and domination number 
ds3. 
The following lemma is due to Ore [4]. 
Lemma 1 (Ore). Zf a graph G with n vertices has no isolated vertices then 
y(G) =S n/2. 
In order to determine an upper bound on the number of edges of a connected 
graph having a given domination number, we will look at the complement G of 
such a graph and obtain a lower bound on the number of its edges. The following 
definition will be useful. 
Definition 1. Let G be a graph on n vertices and 1~ k s n - 1. 
(1) If ur, . . . ) uk are vertices of G, we say the property &(ur, . . . , uk) holds if 
there exists some vertex v of G such that ui is adjacent to v for 1 c i s k. 
(2) G is k-starred if for any set of distinct vertices ul, . . . , uk, &.(uI, . . . , uk) 
holds. 
Note that if G has domination number at least d, then G must be 
(d - l)-starred, and conversely. So to determine upper bounds on the number of 
edges of graphs with domination number d, it suffices to look at lower bounds on 
the number of edges of (d - l)-starred graphs. 
The following observations will be used in the proof. 
Observation 1. Any k-starred graph is also l-starred for 1 d 1 < k. 
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ObSeNatiOn 2. Any vertex in a k-starred graph has degree at least k. 
Observation 3. Zf u, v are any 2 distinct vertices in a k-starred graph, u is adjacent 
to at least k - 1 of the neighbors of v. 
The complements of graphs having no isolated vertex, have no vertex of degree 
n - 1. We therefore look at k-starred graphs having this property. First we have 
the following corollary of the preceding lemma. 
Corollary 1. Zf G is a k-starred graph with n vertices and no vertex of degree 
n-l, then kSn/2-1. 
Proof. Since G is k-starred, the domination number d of G must be at least 
k + 1. It follows from the lemma that k + 1 c d c n/2, as required. 0 
The following result is a generalization of a theorem in [6] which (in a different 
context) gives the result for k = 2. Various parts of our proof are generalizations 
of the proof in [6]. 
Lemma 2 (Main Lemma). Let G be a k-starred graph with n vertices, where 
2 s k c n 12 - 1, and such that no vertex of G has degree n - 1. Then the number 
of edges of G is at least kn - (” l1 ). Equality is attained only in the following 
circumstances :
(1) G consists of a (k + 1)-clique, together with an independent set of size 
n - k - 1, each of whose vertices is adjacent to exactly k of the vertices in the 
clique. Moreover, for each vertex in the clique there is at least one vertex in G 
which is not adjacent to it. 
(2) For k = 2, G may consist of 5 vertices x1, x2, x3, x4, x5 with edges {x,, x2}, 
{x1, x4}, {x1, x5), {x2, x31, {X3,%), { x3, x5}, {x,, x5}, plus n - 5 more vertices 
of degree 2, each of which is adjacent to either x1, x2 or x2, x3. Moreover, there 
exists at least one vertex adjacent to x 1, x2 and at least one vertex adjacent to x2, x3. 
Proof. Let v be a vertex with smallest degree in G. By Observation 2, v has 
degree at least k. We consider three cases. 
Case 1: v has degree k. 
Let vi, v2, . . . , vk be the vertices adjacent to v. By Observation 3, the 
subgraph induced by vl, . . . , vk must be complete, hence the subgraph induced 
by v, ~1,. . . , vk is also complete. Because k S n/2 - 1, there must be other 
vertices in G. Any such vertex must be adjacent to at least k - 1 of the vertices 
Vl, * . . 9 vk. Because no vertex has degree n - 1, there exist vertices ui, . . . , uk 
such that ui is not adjacent to Vi, for 1 c i <k. By the above remark, however, 
each Ui is adjacent to each Vj for i #j. Let U be the set of vertices of G excluding 
v and its neighbors. Let x be a vertex witnessing &(uI, . . . , uk), i.e. x is adjacent 
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to each of ul, . . . , uk. Note that x cannot be equal to v or any of u’s neighbors. 
Let Ci, . . . , C, be the connected components of the subgraph induced by U and 
let C1 be the component containing ul, . . . , ukr x. Let y E Ci for i > 1. Because 
we have &(ui, . . . , uk_l, y), y must be adjacent to uk. By a similar argument we 
see that each y E Cj for i > 1 is adjacent to each of vi, . . . , vk. So the number of 
edges contributed by Cj, including those connecting it to vi, . . . , vk is at least 
k IV(Cj)( + IV(Cj)l - 1 = (k + 1) IV(Cj)l - 1. 
Now consider C,. As noted before, each vertex in C1 is adjacent to at least k - 1 
of the vertices vi, . . . , vk. Suppose x is adjacent to each of vi, . . . , vk. Then the 
number of edges contributed by C, is at least 
IV(G)l - 1+ (k - 1) IV(G)l + 1= k IV(W 
If x is not adjacent to each of vi, . . . , vk, assume without loss of generality that x 
is adjacent to vl, . . . , vk_l. Let 2 witness &(x9 ui, . . . , uk__l). Note that 2 
cannot be any of vi, . . . , vk, so x, z, u1 form a triangle in C1. Hence the number 
of edges contributed by C1 is again at least 
IV(G)l + (k - 1) IV(C,)l = k IV(G)l. 
So the total number of edges in G must be at least 
k(k + 1)/z + k lV(C,)l + 2 ((k + 1) lV(Cj)l - 1) 
j=2 
= k(k + 1)/2 + f$ k IV(Cj)l + fJ (IV(Cj)l - 1) 
j=l j=2 
a k(k + 1)/2 + k(n - k - 1) = kn - k(k + 1)/2. 
Suppose that G has exactly kn - k(k + 1)/2 edges. Then we see from the above 
inequality that Cj must consist of exactly one vertex for each i > 1, and this vertex 
as noted before is adjacent to v,, . . . , vk. To consider the structure of C1 we 
must again look at two cases. 
Case l(a): x is adjacent to each of vI, . . . , vk. C, can contribute no more than 
k IV(C,)l edges, and each vertex in C1 must be adjacent to at least k - 1 of the 
vertices vi, . . . , vke Hence in C1 itself there can be no more than IV(C,)l - 1 
edges, k of which join x to ul, . . . , uk. This implies that C1 contains no circuits, 
and in particular there cannot be any edges joining ui vertices to each other. 
Let w be any other vertex in Ci, and assume without loss of generality that w is 
adjacent to vl,. . . , vkele We claim that w is adjacent to X. Because 
sk(ul, . . . , uk-1, w) holds, either w is adjacent to x or there exists another vertex 
y E C1 that w, ul, . . . , u~_~ are adjacent to. Suppose the latter is true. If y is not 
adjacent to vk, then Sk(ul, . . . , uk-_l, y) creates a cycle in C,, contradiction. If y 
is not adjacent to another vi, say without loss of generality vl, then 
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Sk(W, y, 4, . . * f uk-J creates a cycle in Ci, again a contradiction. So it must be 
the case that w is adjacent to X. 
Thus G consists of a clique formed by the k + 1 vertices ul, . . . , uk, x, together 
with an independent set of it - k - 1 vertices (which includes ~1, ul, . . . , uk, any 
additional vertices w in Ci, and the single vertices in Cj for i > 1). Each vertex in 
the independent set is adjacent to exactly k of the vertices in the clique, and each 
of the vertices in the clique has at least one vertex in G not adjacent to it. This 
describes the set of graphs from part (1) of the statement of the lemma. 
Case l(b): x is adjacent to only k - 1 of the vertices vl, . . . , 2/k. Assume 
without loss of generality that these vertices are v,, . . . , ?_fk_l. Let wl, . . . , w, be 
any other vertices in C, which are adjacent to x(s 3 0). Since we have 
sk(uI, 'UZ,. . . , vk-_l, x), u1 must be adjacent either to uk or to some Wj. A similar 
argument shows that for 1 =z i s k - 1, ui is either adjacent to uk or to some wj; 
this accounts for k - 1 edges within C,. Because C, is connected and can contain 
at most IV(C,)l edges, the subgraph of C, induced by the vertices ul, . . . , uk, x, 
Wl,. *. , w,canhaveatmostk+s+ledges.Thusk+s+(k-l)ck+s+l+ 
k F 2. So no graph obtains the lower bound on the number of edges in Case l(b) 
for k > 2. The case where k = 2 is dealt with in [6]. It is shown there that there 
must be another vertex w adjacent to u2, x, u,, and thus the vertices 
u2, ul, x, ul, w play the role of x,, . . . , x5 in the statement of part (2) of the 
lemma. (See [6] for a complete proof). 
Case 2: u has degree k + 1. 
Let vl, . . . , Vkr uk+l be the vertices adjacent to V. Let H be the subgraph 
induced by the vertices u,, . . . , uk+l. This subgraph must be (k - 1)-starred, 
hence Z? has domination number at least k. It follows from Theorem 1 that Z? has 
at most [((k + 1) - k)((k + 1) -k + 2)/2] = 1 edge. So H contains at least 
(k + l)k/2 - 1 = (k2+ k - 2)/2 
edges. Hence the subgraph induced by V, u,, . . . , uk+, has at least 
(k + 1) + (k2+ k - 2)/2 = (k’ + 3k)/2 
edges. Let II be the set of vertices of G excluding u and its neighbors, and let 
Cl,..., C,,, be the connected components of the subgraph induced by U. We 
again have that each vertex in each Cj is adjacent to at least k - 1 of the vertices 
ul, . . . , uk+l. Cj is either a single vertex, a tree with at least 2 endpoints, or it 
has a circuit. If it has a circuit it has at least IC,l edges. If it is a tree, the 
endpoints must have degree at least k + 1 in G, hence they must be adjacent to at 
least k of the vertices ulr . . . , uk+,. Similarly, if Ci is a single vertex, this vertex 
must have degree k + 1 and must be adjacent to ui, . . . , v~+~. In either case the 
number of edges contributed by C, (including those connecting vertices of Cj to 
u1,. . . , Vk+l ) is at least k IV(C,)l. SO the total number of edges in G is at least 
(k’ + 3k)/2 + (n - k - 2)k = nk - (k + l)k/2. 
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Suppose now that G has this minimum number of edges. From the discussion in 
the above paragraph we see that each component Ci must consist of a single 
cycle, and each vertex in Ci must be adjacent to exactly k - 1 of the vertices 
Vl, *. . 7 Vk+l* For any vertex u E Ci, we denote by the link set of u the set of 
k - 1 vertices out of vr, . . . , vk+* to which u is adjacent. 
The subgraph H must have exactly one pair of vertices which are not adjacent. 
Assume without loss of generality that these vertices are vl, v2. Since v3 cannot 
have degree n - 1, there must exist some vertex u which is not adjacent to v3. 
Since we have &(v,, u, v4, . . . , v~+~), th ere must exist another vertex x such 
that x is adjacent to u and to vl, v,, . . . , vk+,. Note x is then not adjacent to v2 
or v3. 
Suppose first that x and u have the same link set. Then &(v2, x, v4, . . . , vk+J 
implies that there exists a third vertex z adjacent to x and to v2, v4, . . . , v~+~ (so 
z is not adjacent to v, or v3). But then &(z, x, v,, . . . , v~+~) implies that z and x 
are adjacent to another vertex in their component. However, since their 
component consists of a single circuit and z and x are adjacent, this vertex must 
be U. But then we cannot have &(z, v2, v4, . . . , LJ~+~), contradiction. 
If x and u do not have the same link set, then assume without loss of generality 
that u is not adjacent to vl. Then again since S,(x, u, v4, . . . , vk+J holds, there 
exists another vertex t adjacent to u and x, so again the component consists of 
the triangle x, u, z. The link set of z must differ from either x’s or u’s link set. 
Assume without loss of generality that it differs from u’s. We then cannot have 
S&4 212, 214, ’ . . , Q+~), again a contradiction. So no graph attains the lower 
bound in number of edges in Case 2. 
Case 3: v has degree la k + 2. 
Let vi,. . . , v, be the vertices adjacent to v, and let H be the subgraph of G 
induced by the vertices vl, . . . , q. If must be (k - 1)-starred, hence fi has 
domination number at least k. So by Theorem 1, the number of edges in Z? is at 
most 
[(r - k)(l- k + 2)/2] < Q2 - 21k + 21+ k2 - 2k)/2. 
Hence the number of edges in H is at least 
1(1- 1)/2 - (f2 - 21k + 21+ k2 - 2k)/2 = (21k - 31- k2 + 2k)/2. 
Let U be the set of vertices of G excluding v, vi, . . . , v[. Let t = n - I- 1 be the 
size of U. Since v cannot have degree n - 1, t z 1. 
Case 3(a): t = 1. Let y be the single vertex in U. We have n = I + 2. Since y has 
degree at least I, it must be adjacent to each of vl, . . . , vl. So the total number 
of edges in G is at least 
21+ (2kl- 31- k2 + 2k)/2 = (I + 2kl- k2 + 2k)/2 
= (n - 2)/2 + k(n - 2) - (k2 - 2k)/2 
=kn-(k2+k)/2+(n-2-k)!2skn-(k+l)k/2. 
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In order for equality to hold here we would have to have n = k + 2 which 
cannot be since k + 1 s n/2. 
Case 3(b): f 2 2. We then have 
I- k 2 2 2 t/(t - 1). 
So (t - l)(l - k) 2 t, which implies that 
t(1 - k) + t 2 2t + (1 - k) + t(1 - (k - 1))/2 3 t + (I- k)/2. 
Again, the number of edges in the subgraph induced by vl, . . . , v, is at least 
(2kl- 31- k2 + 2k)/2. We also have 1 edges joining v to vl, . . . , q. Each vertex 
in U is adjacent to at least k - 1 of the vertices vl, . . . , v,. Each such vertex has 
degree at least 1. So it has at least I- (k - 1) additional edges attached to it. Each 
of these edges may be shared with at most one other such vertex. So there must 
be at least (1 - (k - l))t/2 of these additional edges. Hence the total number of 
edges in G is at least 
I+ (2kl- 31- k2 + 2k)/2 + t(k - 1) + (I - (k - l))t/2 
2 1 + (2kl- 31- k2 + 2k)/2 + t(k - 1) + t + (I - k)/2 
= 1 + (2kl- 31- k2 + 2k)/2 + kt + (I- k)/2 
= 1+(2kl-31- k2+2k)/2+k(n - I- 1) + (I - k)/2 = kn - (k + l)k/2. 
For equality to hold in this case we need t = 2 and I= k + 2, implying 
n=l+(k+2)+2=k+5, whichinturnimplieskc3sincek+lsn/2. Forthe 
case k = 2, since each vertex has degree at least I= 4, the number of edges must 
be at least 4n/2 = 2n, which is greater than the minimum 2n - 3. For the case 
k = 3, each vertex has degree at least I= 5, and the number of vertices is 8. So 
the number of edges must be at least 5(8)/2 = 20, which is greater than the 
minimum 3(8) - (4)(3)/2 = 18. So the minimum number of edges cannot be 
attained in this case. 0 
The following theorem, which is the main result of this paper, now follows as a 
corollary from the above main lemma, since the complement of a graph with 
domination number d is (d - 1)-starred, and (;) - ((d - 1)n - ($)) = (“-f ’ ‘). 
Theorem 2. Let G be a graph with n vertices, domination number d where 
3 c d c n/2, and no isolated vertices. Then the number of edges of G is at most 
(” -i + I). If G has exactly this number of edges it must be of the following form: 
(1) An (n - d)-clique, together with an independent set of size d, such that each 
of the vertices in the (n - d)-clique is adjacent to exactly one of the vertices in the 
independent set, and such that each of these d vertices has at least one vertex 
adjacent to it. 
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(2) For d = 3, G may cons& of a clique of n - 5 vertices, together with 5 
vertices x1, x2, x3, x4, x5, with edges {x1, x3}, {x2, x4}, {x2,x,}, such that every 
vertex in the (n - 5)-clique is adjacent to x4 and x5, and in addition adjacent to 
either x1 or x3. Moreover, at least one of these vertices is adjacent to x1 and at least 
one to x3. 
Finally, since the upper bound in the above corollary is actually attained by 
connected graphs, the upper bound is tight for connected graphs. 
References 
[l] D. Batter, F. Harary, J. Nieminen and C. Suffel, Domination alteration sets in graphs, Discrete 
Math. 47 (1983) 153-161. 
[2] C. Berge, Graphs (North-Holland, Amsterdam, 1985). 
f3] E.J. Cockayne and S.T. Hedetniemi, Towards a theory of domination in graphs, Networks 7 (3) 
(1977) 247-261. 
[4] 0. Ore, Theory of Graphs, Volume XXXVIII (Amer. Mathematical Sot., Providence, 1962). 
[5] D. Sumner and P. Blitch, Domination critical graphs, J. Combin. Theory Ser. B 34 (1983) 65-76. 
[6] Y. Usami, Minimum number of edges in graphs that are both P2 and Pi connected. Discrete Math. 
44 (1983) 195-199. 
[7] V.G. Vizing, A bound on the external stability number of a graph, Dokl. Akad. Nauk. 164 (1965) 
729-731. 
